The purpose of this paper is to show that, thanks to the restoration of the legitimate connection between the current density and the plasma flow velocity in Hall magnetohydrodynamics (MHD), Kelvin's Circulation Theorem becomes valid in Hall MHD. The ion-flow velocity in the usual circulation integral is now replaced by the canonical ion-flow velocity.
Introduction
The magnetohydrodynamics (MHD) model (Cowling [1] ) offers the simplest framework by which the macroscopic interactions between plasmas and magnetic fields may be explored. Though it is not a very good approximation to any real plasma, many plasma phenomena are indeed well described by a fluid model. One awkward issue of basic conceptual nature with the MHD model is the assumption that the current density is only connected with the magnetic field (via Ampere's law) but somehow not with the plasma velocity. This anomaly appears to be the cause of a very complicated Haniltonian analytic structure for the MHD model (the Poisson bracket, in particular, Shivamoggi [2] ). Another example is Kelvin's Circulation Theorem (Batchelor [3] ) which does not hold unless the closed material curve (around which the flow circulation is calculated) is a closed magnetic field line (Shercliff [4] ).
On the other hand, in the MHD model, ions dominate the dynamics, while electrons merely serve to shield out rapidly any charge imbalances. However, in a high-β plasma, on length scales in the range d e < ℓ < d i , where d s is the skin depth, d s ≡ c/ω ps , (s = i, e referring to the ions and electrons, respectively) the electrons decouple from the ions. This leads to an additional transport mechanism for the magnetic field via the Hall current (Sonnerup [5] ), which is the ion inertia contribution in Ohm's law. The Hall effect leads to the generation of whistler waves whose, * frequency lies between ion-cyclotron and electron-cyclotron frequencies ω c i and ω ce , respectively, * phase velocity exceeds that of Alfvén waves for wavelengths parallel to the applied magnetic fields less than d i .
Further, the decoupling of ions and electrons in a narrow region around the magnetic neutral point (where the ions become demagnetized while the electrons remain magnetized) allows for a rapid electron flows in the ion-dissipation region and hence a faster magnetic reconnection process in the Hall MHD regime (Mandt et al. [6] ).
The purpose of this paper is to show that the Hall MHD model supports Kelvin's Circulation Theorem without placing any restriction on the closed material curve, provided the ion-flow velocity is replaced by the canonical ion-flow velocity in the circulation integral 1 .
Kelvin's Circulation Theorem in Hall MHD
The Hall MHD equations (which were originally formulated by Lighthill [10] following his far-sighted recognition of the importance of the Hall term in the generalized Ohm's law) are (in usual notation),
Equations (1) and (2) admit a Hamiltonian formulation (Shivamoggi [2] ) and an impulse formulation (Shivamoggi [11] ).
Using equation (2), equation (1) may be rewritten as
or
where, V i is the canonical ion-flow velocity,
and
and we have assumed the flow to be barotropic. Consider the canonical circulation for Hall MHD defined by
where C is a closed curve made up of the same ions, and is so convected with the ion-flow velocity v i . We then have,
Using equation (4), (8) becomes
Noting,
(9) becomes,
where ω i is the ion-flow vorticity,
(11) may be simplified to give
(13) implies that the canonical circulation around any closed curve made up of the same ions is an invariant in Hall MHD. It is of interest to note that the quantity in the bracket in the integral in (13) represents the Lagrangian for the plasma particles (with the neglect of electron inertia).
Discussion
Thanks to the disconnect between the current density and the plasma flow velocity, the MHD model ends up possessing a very complicated Hamiltonian analytic structure. Another setback for the MHD model is the failure of Kelvin's Circulation Theorem to hold unless the closed material curve in question is a closed magnetic field line (Shercliff [4] ). Restoration of the legitimate connection between the current density and the plasma flow velocity as in Hall MHD in the present paper (and EMHD, Mahajan and Yoshida [7] ) leads to simplification of the Hamiltonian analytic structure (Shivamoggi [11] ) and validity of Kelvin's Circulation Theorem provided the canonical ion-flow velocity now appears in place of ion-flow velocity in the circulation integral.
